Compared with robotic hands with a rigid palm, the metamorphic hand with a reconfigurable palm can alter the palm geometry to relocate the fingers before executing grasping tasks. The stability of dynamics coming with the reconfigurable palm has to be taken into account due to its crucial impact on the performance of the hand. This paper presents the stability analysis of this reconfigurable palm based on its Takagi-Sugeno (T-S) fuzzy model. The dynamic model of the metamorphic palm is developed based on the Euler Lagrangian dynamic theory and the closedchain kinematic constraints. To reduce the conservativeness in stability analysis and ensure a wider range of stable dynamic performance, a membership-dependent approach is applied to the stability analysis of palm control system. Simulation is provided to demonstrate the achieved improvement of analysis results.
INTRODUCTION
Grasping and manipulation executed by robotic hands have captured attentions from engineers and researchers with the widespread potential applications of robots in the community. As the end-effector (Cavalieri (1997) ) of a robot, a robotic hand is a critical component which can be treated as a robot arm handling the interaction between the robot and the environment. The research on robotic hands has become a thriving subject particularly on designing a robotic hand with the purpose of lowering the cost and achieving some particular standards (Ruiz and Mayol-Cuevas (2016) ), for instance, the reliability, repeatability, portability, force capability, etc.
In terms of application fields, robotic hands have two typical categories, grippers and dexterous hands. More specifically, grippers are usually utilized in some industrial applications to perform some pre-programmed tasks, like pick-and-place tasks, with a simple but robust design (Dollar and Howe (2006) ). It is unlikely for this type of grippers to perform sophisticated work or complicated manipulation. Its counterpart, the dexterous, high-degreeof-freedom, robotic hands, such as Utah/MIT Hand (Jacobsen et al. (1984) ), the NASA Hand (Lovchik and Diftler (1999) ), the Shadow Hand (Tuffield and Elias (2003) ), etc., are of great dexterity and can generate delicate motion, however, at the expense of high manufacturing and maintaining cost.
As a trade-off of these two design approaches, a metamorphic robotic hand Wei et al. (2014) ; Cui and Dai (2011) ; Wei et al. (2011) ) with a reconfigurable palm was developed through drawing on the advantages of intelligent mechanisms. The palm design was originally inspired by origami with a mechanism equivalent method (Dai and Jones (1999) ; Dai et al. (2009) ) to relate the panels and crisis to links and joints, respectively in such a way to build a flexible robotic palm.
The flexibility of robotic hands can be improved by the reconfigurable palm. At the same time additional dynamics introduced by reconfigurable palm cannot be neglected. Since it is where fingers are mounted, the stability of reconfigurable palm should be crucial for the whole system. As is shown in Fig. 1 , the metamorphic palm is a closedchain mechanism (Ghorbel et al. (2000) ) with highly nonlinear kinematic and dynamic relations. Directly stability analysis for the nonlinear palm control system should be not easy, an alternative idea is to describe the system by multi-model methodology (Murray-Smith and Johansen (1997) ).
Among the existing multi-model approaches, TakagiSugeno (T-S) fuzzy model (Takagi and Sugeno (1985) ) is an effective way to investigate the stability problem of highly nonlinear system. It is a model described by fuzzy IF-THEN rules which represents local linear inputoutput relations of a nonlinear system (Tanaka and Wang (2001) ). In this way, the local dynamics can be expressed by a group of local linear models, and the overall fuzzy model can be achieved by fuzzy "blending" of the obtained linear models. As a result, stability analysis of the original nonlinear model can be conducted by the analysis of local linear models.
Motivated by the above discussion, in this paper, we investigate the stability problem of the metamorphic palm control system by the T-S fuzzy model approach. Firstly, dynamic model of the metamorphic palm will be obtained based on the Euler-Lagrange theory and geometric constraints. Then a geometry dependent controller will be applied to compensate the major nonlinearity of model. Finally stability problem will be solved based on the T-S fuzzy model of given closed-loop palm control system. 
DYNAMIC MODELLING OF THE METAMORPHIC PALM BASED ON GEOMETRICAL CONSTRAINTS
The modeling process will be based on the EulerLagrangian dynamics. Firstly we need to find the kinetic and potential energy of the metamorphic palm. The palm itself will be divided into two serial chains at joint C, see Fig. 1 . The first chain contains links 2 and 3. The second chain contains links 4 and 5. Define the index set as S 1 {2, 3, 4, 5}. We introduce the following symbols for the metamorphic palm. 
The inertia tensor of link i about the center of mass in frame j (i, j ∈ S 1 ) I i
The inertia tensor of link i about the center of mass in the global frame (i ∈ S 1 ) r j i
Position of the center of mass of link i in the body attached frame (i, j ∈ S 1 ) r i
Position of the center of mass of link i in the global frame (i ∈ S 1 ) v i
Linear velocity of the center of mass of link i in the global frame (i ∈ S 1 ) ω i Angular velocity of the center of mass of link i in the global frame (i ∈ S 1 ) α i Arc angle length of link i (i ∈ S 1 ) θ i Joint angle from link i to link i + 1 for i = 1, 2, 3, 4, and from link i to link i − 4 for i = 5
Define the skew matrix of a vector
Define a rotation matrix for a rotation by an angle of θ about an axis in the direction of u as R(u, θ), then this matrix can be represented in the following way R(u, θ) = cos θ · I + sin θ · S(u) + (1 − cos θ) · u ⊗ u where ⊗ is the tensor product. Also we define unit vectors
T and following unified vector of joint angles
Define the rotation from frame i to j as R j i , (i, j ∈ S 1 ). If a matrix M or vector v depends on q then it will be expressed as M (q) or v(q).
Kinematics analysis of the partial reconfigurable palm
We start with the open serial chain on the right hand side of the palm. The position of center of mass of link 2 in the global frame should be r 2 (q) = R where R 2 3 (q) = R(z 2 , θ 2 )R(y 3 , −α 3 ). Then the linear velocity of center of mass of link 3 in the global frame is
where r B (q) = R 0 2 (q)k. Similarly the angular velocity of ω 3c can be also obtained in the following way ω 3 (q) = r Aθ1 + r B (q)θ 2 . By following the same idea, we can have the link kinematic expressions for the left open serial chain. To summarize, we have the following kinematic expressions
Lagrangian method based dynamic modeling of the partial reconfigurable palm
The inertia tensor I i i (i ∈ S 1 ) of each link expressed in the body attached frame can be obtained by SolidWorks (Planchard and Planchard (2013) ) and are constant. To find their expression in the global frame we need the following transformations
for i ∈ S 1 . Overall the kinetic energy should be
where
The potential energy of all links can be calculated as
where g = [0, 0, 9.81] T . Thus from (Ghorbel et al. (2000) ; Greenwood (1977) ), the Euler-Lagrangian dynamic equation can be expressed as
where λ is the vector of Lagrange multipliers, α q (q) is the parameter obtained from close-chain constraints, α q (q)
T λ represents the constraints generalized force vector. g(q) is the term related with gravity that can be exactly expressed as
And the element on the k-th row and j-column of matrix C(q,q) can be represented as
Define the i-th row and j-th column of matrix D(q) as d ij (q), then the Christoffel symbol c ijk (q) in (4) can be described as
Geometrical constraints based palm kinematics analysis
The closed-chain constraints of the palm that the right partial chain and left partial chain are connected at point C is as follows r Cr (q) − r Cl (q) = 0 (5) where r Cr (q) is the position of C calculated from the right serial chain, r Cl (q) is the position of C calculated from the left serial chain, and can be expressed as
4 (q)R(y 4 , α 4 )k r with r being the radius of the palm sphere. In fact, with the physical constraints from the hand wrist, the point C is only allowed to move within the front half sphere of the palm where z < 0. Thus we can simply require that r Cr (q) and r Cl (q) have the same projection on the x − y plane. The above constraints can be reduced to
The derivatives of r Cl (q) and r Cr (q) with respect to time should be
Calculating the derivative of α(q) with respect to time t, we have
Actually in the palm linkage, the palm structure can be determined by the two active joints θ 1 and θ 2 . To reduce the degree of freedom of the model, we define the independent generalized coordinate as
Define β q (q)
For a specific point in the independent coordinate p, there is a unique mapping point q = σ(p) from the dependent coordinate q, among which we define
then γ q (q) can be further expressed as
From (Ghorbel et al. (2000) ) we can get the following mapping relation betweenq andṗ, q = ρ(q)ṗ (7) where
Dynamic modeling of the reconfigurable palm
The mapping from p to q can be obtained by the spherical cosine law (Wikipedia (2016) ). The detailed analysis is presented in the Appendix. Based on the following mapping relations
we will find the expression of reduced dynamic model in the independent coordinate p. The expression ofq can be obtained by taking the derivative of (7), q =ρ(q,q)ṗ + ρ(q)p whereρ
Now the dynamic equation in (3) can be reduced to the following expression of p,
where the relation of q = σ(p) is described in the Appendix.
GEOMETRY VARIATION BASED CONTROLLER DESIGN OF THE RECONFIGURABLE PALM
In this part, the control methodology will be based on the following assumption. Assumption 1. The real-time values of p andṗ can be precisely obtained.
Controller design method based on inertia and gravity compensation
The control input can be designed as a function of p anḋ p. Firstly we need the torque to compensate the influence of gravity. Corresponding input would be
The values Fig. 2 .
Moreover, additional input u 2 (p,ṗ) is needed to ensure the system stability and reach the required performance. The relation can be expressed as
Compared with linear system, the main difference of this dynamic system should be the state-dependent inertial matrix
From (10) 
where K(q) is defined in (2). It means that 1 2ṗ
T D(p)ṗ is the kinematic energy of the palm, which is generally positive and is zero iffṗ = 0. Thus it can be confirmed that D(p) > 0. As a result (13) can be transformed tö
To analyze the system dynamic performance in the system state space, we define the state as
T where p * 1 and p * 2 are the required positions of θ 1 and θ 5 . Equivalentlyū 2 (p,ṗ) can be also expressed asū 2 (x).
As it is stated in (Ge et al. (1998) ), C(p,ṗ)ṗ is a combination of centrifugal forces and Coriolis forces. Both of them depend on the velocity termṗ. For the problem of palm position control, the dynamic speed |ṗ| is generally low. and joint state p Also, from (10) we can clearly see that the computation of real-time value of C(p,ṗ) is much more complex and timeconsuming than that of D(p). In this sense, we may neglect the influence of C(p,ṗ)ṗ in the dynamic performance analysis and treat it as the system uncertainty ∆A(x)x. Then the system equation should bė
Now chooseū 2 (x) as the linear function of x, which satisfies
Dynamic performance analysis
If we neglect the influence of uncertainty ∆A(x), the state matrix for closed-loop system should bê The first factor is related with the performance of θ 1 (t), the second factor is related with performance of θ 2 (t). In some sense, this kind of controller can be also regarded as the modified Proportional-Differential (PD) controller. Exactly, k 11 and k 12 are the differential and proportional parameters related with θ 1 (t), and k 21 and k 22 are the differential and proportional parameters related with θ 2 . In this manner, the controllers related with θ 1 (t) and θ 2 (t) have been decoupled from each other and can be designed independently. In this specific case, the palm structure in Fig. 1 is symmetric, thus we can simply choose k 11 = k 21 = k 1 and k 12 = k 22 = k 2 to ensure the same dynamic performance of θ 1 (t) and θ 2 (t). Consequently, (17) can be simplified as
FUZZY MODEL BASED STABILITY ANALYSIS
In the real case, stability is the basic requirement for any system to work normally, specially for the metamorphic palm, which is the base of fingers. Thus the influence of term C(p,ṗ)ṗ on system stability cannot be neglected. It means that, within the working space of p andṗ, the designed feedback gain K should also ensure the system stability for any C(p,ṗ)ṗ. From (15) and (16), we havė
Here we consider the stability problem of palm control system in the following task domain x ∈ S,
Generally it is difficult to consider the palm stability problem based on its original nonlinear model in (18). One alternative approach is to replace the state dependent matrix ∆A(x) by the combination of finite number of constant matrices. The automatic fuzzy modeling method for nonlinear systems can be found in (Schwaab et al. (2015) ). Here, to clearly explain the modeling details, we consider the idea of sector nonlinearity concept (Tanaka and Wang (2001) ) to manually find its equivalent T-S fuzzy model. The state-dependent parameters m ij (x) (the i, j elements of M(x), i, j = 1, 2) are all highly nonlinear functions of x 1 , x 2 , x 3 , x 4 . For each element m ij (x) (i, j = 1, 2) of M(x), we can find its maximum and minimum values
Their exact values can be obtained based on the palm technical details in its SolidWorks model. The variable m ij (x) can be expressed as a linear combination of its extrema values, that is
In this way, M(x) can be represented as
. Define the new membership functions and subsystems as
with m = 8i + 4j + 2k + l − 15 for all i, j, k, l = 1, 2. It follows thatÂ+∆A(x) = 16 i=1h i (x)Ã i , and the T-S fuzzy model of (18) becomeṡ
Now the stability analysis methods (Tanaka and Wang (2001) ; Yang et al. (2016) ) obtained based on T-S fuzzy model can be used to solve the palm stability problem. In the following part we will adopt the stability condition in (Yang et al. (2016) ) to reduce the conservativeness of stability analysis. For comparison, we will start with commonly used basic stability condition in (Tanaka and Wang (2001) ) which can be expressed as Lemma 1. (Tanaka and Wang (2001) ) If there exists a matrix P > 0, such that all the following inequalities hold
then system (5) is asymptotically stable.
The palm stability region is defined as the range of (k 1 , k 2 ) that ensures the stability of palm control system in (18). This region can be estimated by the stability condition in Lemma 1. Changing the values of k 1 and k 2 , with the obtained matricesÃ m (m = 1, 2, · · · , 16), if condition (20) in Lemma 1 is satisfied, then the set (k 1 , k 2 ) should be contained in the stability region. In this way, we can find the estimated stability region as
Clearly the basic stability analysis method in Lemma 1 is membership-independent, undoubtedly it should be relatively conservative. To reduce the conservativeness of stability analysis, we adopt the following membershipdependent method in (Yang et al. (2016) ). Theorem 1. (Yang et al. (2016) ) If there exists a matrix P > 0, such that the following inequality holds
for all i = 1, 2, · · · , 16 and j = 1, 2, · · · , 15. Then system (5) is asymptotically stable.
In Theorem 1, λ ijk is a parameter obtained by Algorithm 1 in (Yang et al. (2016) ). With this theorem, the 16 linear matrix inequalities (LMIs) in Lemma 1 will be replaced by 16 × 15 new LMIs, and conservativeness will be greatly reduced. To get the value of λ ijk , all the maximum and minimum values ofh i (x) (i = 1, 2, · · · , 16) should be known. Based on the SolidWorks design of this metamorphic palm, one can numerically find the maximum and minimum values ofh i (x) for all x ∈ S, see Fig. 4 . Following the calculation in Algorithm 1 of (Yang et al. (2016) ), we can get the parameters λ ijk for all i = 1, 2, · · · , 16, j = 1, 2, · · · , 15 and k = 1, 2, · · · , 16. By condition (22) in Theorem 1 the estimated stability region of (k 1 , k 2 ) can be further improved to
In this way, the feasible range of k 1 and k 2 has been enlarged, and we will get more freedom to tune the dynamic performances.
We set the parameters k 1 and k 2 based on the time-domain dynamic performance criteria in (Hu et al. (2001) ). Choose the desired settling time as t s = 0.15s and overshoot as σ% = 4.3%. By relations in (Hu et al. (2001) ), k 1 and k 2 can be obtained as 
In the above case, (k 1 , k 2 ) is out of region (21) but still contained in (23), which verifies the improvement of method in Theorem 1. By the SimMechanics TM toolbox, we can get the dynamic simulation of this palm. The angles of active joints at points A and E are plotted in Fig. 5 . It is clear that the palm system is still stable, which verifies the less conservativeness of the new stability analysis method.
CONCLUSIONS
The dynamic model of the metamorphic palm has been obtained based on the Lagrange-Euler dynamics and the closed-chain geometric constraints. A geometry based controller has been adopted to compensate the model nonlinearity related with the joint positions. By describing the closed-loop system dynamics with a T-S fuzzy model, membership-dependent analysis method has been applied to get the less conservative stability condition. As a result, wider range of control parameters can be used to achieve better dynamic performance. where φ AB means the minor arc between OA and OB measured in degrees with φ AB ∈ [0, π), and ψ ACB means the spherical angle from φ CA to φ CB with ψ ACB ∈ [−π, π).
It is clear that the following relations hold
For the left hand chain we can find the following relations based on the spherical triangle DEA.
cos φ DA = cos φ DE cos φ EA + sin φ DE sin φ EA cos ψ DEA , cos φ ED = cos φ EA cos φ AD + sin φ EA sin φ AD cos ψ EAD , cos φ AE = cos φ AD cos φ DE + sin φ AD sin φ DE cos ψ ADE .
In the above equations, φ DE , φ EA and ψ DEA are known angles. What we want are the values of φ DA , ψ EAD and ψ ADE . Since φ DA is defined as an angle in [0, π), we can directly obtain its value by the function acos(·). But for ψ EAD , ψ ADE ∈ [−π, π), we need additional angle ψ DEA to describe the signs of them. Consequently, it follows that φ DA = acos(cos φ DE cos φ EA + sin φ DE sin φ EA cos ψ DEA ), ψ EAD = sign(sin ψ DEA ) · acos( cos φ ED − cos φ EA cos φ AD sin φ EA sin φ AD ), ψ ADE = sign(sin ψ DEA ) · acos( cos φ AE − cos φ AD cos φ DE sin φ AD sin φ DE ).
Similarly, for the spherical triangle EAB on the right hand serial chain, it holds that φ EB = acos(cos φ EA cos φ AB + sin φ EA sin φ AB cos ψ EAB ), ψ ABE = sign(sin ψ EAB ) · acos( cos φ AE − cos φ AB cos φ BE sin φ AB sin φ BE ), ψ BEA = sign(sin ψ EAB ) · acos( cos φ BA − cos φ BE cos φ EA sin φ BE sin φ EA ).
From the spherical triangle DAB, we can get the value of φ DB , which is φ DB = acos(cos φ DA cos φ AB + sin φ DA sin φ AB cos ψ DAB where ψ DEB = ψ DEA − ψ BEA , ψ DAB = ψ EAB − ψ EAD . Overall the values of θ 2 and θ 4 can be obtained as θ 2 = ψ ABC = ψ ABE + ψ EBD + ψ DBC , θ 4 = ψ CDE = ψ CDB + ψ BDA + ψ ADE .
